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Abstract
We investigate the effect of electron-electron interactions on the con-
ductance of quasi one-dimensional systems without potential scattering.
For a finite temperature or system length, the short-range interaction is
not renormalized to 0, and it gives rise to a finite correction to the conduc-
tance if we calculate it using Kubo formula. We show that this correction
can be absorbed into the renormalization of the chemical potential and
that the properly defined conductance to be observed in the experiments
is equal to that of non-interacting electrons.
keyword: Tomonaga-Luttinger liquid, one-dimensional system quantum
wire, Coulomb interaction
1 Introduction
Electron transport in one-dimensional interacting electron system is not yet
fully understood in spite of its simplicity. Even in the absence of the potential
scattering, until recently it has been believed that the conductance is renormal-
ized by the the long-range interaction like 2Ke2/h, where K < 1 for repulsive
interaction.[1] The experiment by Tarucha et al. ,[2] however, indicates that the
renormalization is absent, and its has been shown by the present author that the
renormalization is the result of the incorrect definition of the conductance.[3]
He showed that the renormalization can be derived with the use of the self-
consistent field method: When a electric potential is applied on the system,
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the electrons are driven by the self-consistent potential which is reduced be-
cause of the screening, while the current is defined as the ratio of the current
to the difference of the externally applied potential between the ends of the
system. This wrong definition of the conductance leads to the apparent reduc-
tion of the conductance. In fact, as has been pointed out by Izuyama,[4] the
conductance should be defined as the ratio of the current to the difference of
the self-consistent potential between the ends of the system, because the self-
consistent potential which contains the contributions of the polarization charge
is the electric potential observed in the experiments. Within the self-consistent
field theory, which is equivalent to the exact theory in the present case, the
response to the self-consistent potential is that of non-interacting electron, and
hence the correctly defined conductance is not renormalized.
Here it should be noted that the above arguments are correct only when
the long-range parts of the interaction potential are taken into account. It
has been argued that the short-range parts are renormalized to 0,[1] but it is
the case only for 0K and infinitely long systems. In fact, in order to determine
whether the renormalization exists, the experiments have to be done at moderate
temperatures to avoid the effects of the scattering by impurities or boundary
irregularity.
Thus it is important to investigate the effects of the short-range part of the
interaction on the conductance, and it is the purpose of this paper.
2 Correction to the Conductance
We consider a one-dimensional interacting electron system described by the
Hamiltonian
H =
∑
k,σ
h¯2k2
2m
a†k,σak,σ +
1
L
∑
p,k,q
V (q)a†p+q,↑a
†
k−q,↓ak,↓ap,↑ . (1)
Suppose we apply an electric field E(x)eδt (δ → +0) along the system, then
the current is given by[5]
I(x) =
∫
σ(x, x′)E(x′) dx′ , (2)
σ(x, x′) = lim
δ→+0
∫ β
0
dλ
∫ ∞
0
dt 〈j(x′,−ih¯λ)j(x, t)〉eδt, (3)
where j(x, t) is the Heisenberg representation of the current operator. It is
easy to see that eq. (3) can be rewritten in the form
σ(x, x′) = lim
δ→+0
1
δ
{G(x, x′, δ)−G(x, x′, 0)} , (4)
G(x, x′, ωn) = −
∫ h¯β
0
〈j¯(x, τ)j(x′)〉eiωnτ/h¯ dτ , (5)
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with
j¯(x, τ) = eHτ/h¯j(x)e−Hτ/h¯, (6)
where ωn = 2pikBTn, n being an integer, and G(x, x
′, δ) is obtained by analytic
continuation.
We let G(q, ωn) be the Fourier transform of G(x, x
′, ωn);
G(x, x′, ωn) =
∫
dq
2pi
G(q, ωn)e
iq(x−x′). (7)
In the lowest order in the short-range interaction, there are two kinds of
corrections to G(q, ωn), namely, vertex correction (Fig.1(a)), and self-energy
correction (Fig. 1(b)).
(a) (b)
Figure 1: Vertex correction (a), and self-energy correction (b) to G(q, ωn). The
solid and the dotted lines indicate the electron Green’s functions and the inter-
actions, respectively.
The vertex correction is given by
∆Gv(q, ωn) = −2h¯(kBT )
2
∑
εn,εm
∫
dk
2pi
∫
dp
2pi
V (p− k)
(
eh¯
2m
)2
×(2k + q)(2p+ q)G(k, εn)G(k + q, εn + ωn)G(p, εm)G(p+ q, εm + ωn) , (8)
where G(k, εn) is the one-electron Green’s function;
G(k, εn) =
1
iεn − ξk
, (9)
with εn = (2n+1)kBT , ξk = h¯
2(k2−k2F)/2m and kF being the Fermi wave num-
ber. Using the standard technique of the thermal Green’s function method,[6]
we find that
∆Gv(q, ωn) = −2h¯
(
eh¯
2m
)2 ∫
dk
2pi
∫
dp
2pi
V (p− k)
×(2k + q)(2p+ q)
f(ξk+q)− f(ξk)
ξk+q − ξk − iωn
f(ξp+q)− f(ξp)
ξp+q − ξp − iωn
,
(10)
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where f(ξ) is the Fermi distribution function.
We assume that the spatial change of the electric field E(x) is very slowly,
and we calculate ∆Gv(q, ωn) for q ≪ kF. Then, for kBT ≪ εF, εF being the
Fermi energy, in the right hand side of eq. (10) only the wave number k, p ≈ ±kF
contribute to the integrals. Since we are interested in the correction due to the
short range part of V (q), we consider only the contributions from |k−p| ≈ 2kF.
Then we easily find that
∆Gv(q, ωn) =
(evF
pi
)2
V (2kF)
h¯q2
(h¯vFq)2 + ω2n
, (11)
and from eqs. (4) and (7) that the vertex correction to the conductivity is given
by
∆σv(x, x
′) = − lim
δ→+0
e2
pi2h¯
V (2kF)
∫
δ eiq(x−x
′)
(h¯vFq)2 + δ2
dq
2pi
= −
2e2
h
V (2kF)
hvF
. (12)
Next we calculate the self-energy correction. The correction of Fig.1(b) is
given by
∆Gs1(q, ωn) = 2h¯kBT
∑
εn
∫ (
eh¯
2m
)2
(2k + q)2
×G2(k, εn)Σ(k)G(k + q, εn + ωn)
dk
2pi
, (13)
where Σ(k) is the self-energy part, which is independent of the energy :
Σ(k) = − kBT
∑
εm
∫
V (k − p)G(p, εm)
dp
2pi
= −
∫
V (k − p)f(ξp)
dp
2pi
. (14)
Together with the contribution of the Feynman graph with the self-energy
correction to the other one-electron Green’s function in Fig.1(b), we find that
the self-energy correction to G(q, ωn) is given by
∆Gs(q, ωn) = −2h¯
(
eh¯
2m
)2 ∫
(2k + q)2
×
[
{f(ξk+q)− f(ξk)}{Σ(k + q)−Σ(k)}
(ξk+q − ξk − iωn)2
+
f ′(ξk+q)− f
′(ξk)
ξk+q − ξk − iωn
]
dk
2pi
, (15)
where the primes on f(ξ) denote the derivative with respect to ξ.
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The self-energy correction to the conductivity is obtained from eqs. (4) and
(7) with G(q, ωn) replaced by ∆Gs(q, ωn) in eq. (15). After some manipulations
we find that
∆σs(x, x
′) =
∫
e2h¯|k|
m
[f ′(ξk)Σ
′(k)− f ′′(ξk)Σ(k)]
dk
2pi
,
(16)
where the primes indicate the derivative with respect to ξk. It is easy to see
that this equation can be written in the form
∆σs(x, x
′) =
4e2
h¯
∫ ∞
0
f ′(ξk)
dΣ(ξk)
dk
dk
2pi
. (17)
The derivative of the self-energy part is obtained from eq. (14):
dΣ(k)
dk
= −
∫
V (k − p)
df(ξp)
dp
dp
2pi
, (18)
and for kBT ≪ εF, it follows that
∆σs(x, x
′) =
2e2
h
2V (2kF)
hvF
, (19)
where we have neglected the contribution of the term with V (q) for q ≪ 2kF.
Thus together with eq. (12) the correction to the conductivity to the first
order in the short-range part of the interaction is given by
∆σ(x, x′) =
2e2
h
V (2kF)
hvF
. (20)
Since the right hand side is independent of x and x′, we find that the correction
to the conductance is also given by the right hand side of the above equation.
3 Renormalization of the Chemical Potential
In this section we show that correction to the conductance obtained in the
preceding section can be interpreted as the one due to the correction to the
chemical potential difference at the ends of the sample.
The electric potential applied on the system causes the deviation ∆n(x) of
the electron density from its unperturbed value, and it gives rise to the change
in the local chemical potential.
We calculate ∆n(x) as the response to the electric potential Φ(x)eδt/h¯(δ →
+0), with E(x) = −dΦ(x)/dx, and we obtain
∆n(x) = lim
δ→0
∫
Φ(q)R0(q, δ)e
iqx dq
2pi
, (21)
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where Φ(q) is the Fourier component of Φ(x) and R0(q, δ) is the density response
function:[3]
R0(q, δ) =
2evFq
2
pi[(h¯vFq)2 + δ2]
. (22)
Then we obtain
∆n(x) =
2e
pih¯vF
Φ(x) . (23)
Note that the density of states per spin is 1/pih¯vF. Hence the local Fermi energy
is given by
∆εF(x) = eΦ(x) . (24)
Here the Fermi energy is measured from the bottom of the band.
On the other hand, the interaction correction to the chemical potential is
given by
∆µ = ∆Σ(kF) = −
∫
V (kF − p)∆f(ξp)
dp
2pi
, (25)
because the change of the self-energy have to be compensated by that of the
chemical potential in order to keep the electron density unchanged. Here we as-
sume that the local relation between the Ferm energy and the chemical potential
holds, i.e.,
∆µ(x) = −
∫
V (kF − p)
∂f(ξp)
∂µ
∆εF(x)
dp
2pi
, (26)
and then, neglecting the contributions of V (q) for |q| ≪ 2kF, it follows from eq.
(24) that
∆µ(x) = −eΦ(x)
V (2kF)
2pih¯vF
. (27)
The increase of the current due to this correction to the chemical potential
difference is given by
∆I =
2e2
h
{∆µ(−∞)−∆µ(∞)}
−e
=
2e2
h
V (2kF)
hvF
{Φ(−∞)− Φ(∞)} . (28)
Comparing it with eq. (20), we find that the correction to the conductance due
to the short-range parts of the interaction potential can be explained in terms of
the corrections to the chemical potential at the ends of the system. Therefore,
the correction to the conductance can be absorbed into the renormalization of
the chemical potential, i.e., the conductance is not renormalized if we define it as
the ratio of the current to the difference of the renormalized chemical potential
at the ends of the system.
6
4 Discussion
In the previous paper[3], the present author has pointed out that the renormal-
ization of the conductance due to the long-range part of the interaction can be
explained in terms of the renormalization of the electric potential. Since the
renormalized potential is the one observed in the experiments, the conductance
should be defined as the ratio of the current to the difference of the renormalized
potential at the ends of the sample. The conductance defined in this way is not
renormalized.
In this paper, using Kubo formula, we showed that the short-range part of
the interaction gives a finite correction to the conductance and that it can be
ascribed to the renormalization of the chemical potential. As in the above, the
renormalized chemical potential is the one observed in the experiments, and the
conductance should be defined in terms of the renormalized chemical potential.
Then the conductance is not renormalized also in this case. Although the present
arguments are restricted to the lowest order in the interaction potential, we can
expect that it is the case to all order.
Recently, there are some calculations on the effects of the Umklapp scat-
tering. In the Umklapp scattering, the total momentum of electrons is not
conserved, and we can expect a finite correction to the conductance. From the
point of view of the present theory, however, some contributions to the correc-
tion obtained using Kubo formula might be absorbed into the renormalization
of the chemical potential. Such contributions are not to be observed in the
experiments.
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